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Bayesian Theory for Computer Vision
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In the previous lecture
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In this lecture
<latexit sha1_base64="/uGC9pg2JF0YezBXskbO5LeAUlc="></latexit>
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x: state [in our case, for example R, T]
z: observations [in our case, for example feature points mi]

p(x | z): probability density function of x given z



probability density function

p(x): probability density function (pdf) of x

Intuitively: 

• p(x) ~ how likely the random variable for x is close to x

• p(x1) > p(x2): the correct value is more likely to be x1 than x2
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probability density function (2)
For a univariate random variable X:
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p(x) = N(x; 0, 0.2)
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probability density function (2)
For a 2D random variable:
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Bayes’ theorem

<latexit sha1_base64="/uGC9pg2JF0YezBXskbO5LeAUlc="></latexit>
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x: state [in our case, for example R, T]
z: observations [in our case, for example feature points mi]

p(x | z): probability density function of x given z
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Likelihood - example
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p(z | x) = p(z1, .., zn | x)

=
Q

i

p(zi | x) if we assume

the observations zi

are independent given x

=
Q

i

N(mi; proj(Mi;R,T),⌃) if we assume the noise

on the observations

is Gaussian, with covariance ⌃



Prior
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If we have no idea what the state can be:

If we believe the camera center is close to Point (0,0,0):

etc.
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Link (1)
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Link (2)
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Robust estimators

If we assume the noise on the observations is Gaussian:

If we consider that mi can be either an inlier with Gaussian noise or an 

outlier, we can take:
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p(zi | x) = N(mi; proj(Mi;R,T),⌃)
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p(zi | x) s N(mi; proj(Mi;R,T),⌃) + µ



Normal distribution

(inliers)

+ =

Uniform distribution
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Tukey estimator

-log(.)-log(.)

Least-squares
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Tracking over Time
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Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

How can we estimate the density p(xt | Zt) ?

ie What is the density on the object state at time t given the images captured up to time t?



Example
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Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

How can we estimate the density p(xt | Zt)?

ie What is the density on the object state at time t given the images captured up to time t?

We will see that:
<latexit sha1_base64="V0GA2rrnJFReUdzS6zChlV4vrJI="></latexit>

p(xt | Zt) s p(zt | xt)

Z
xt−1

p(xt | xt−1)p(xt−1 | Zt−1)

likelihood / 
Observation model

Motion model

Density estimated at time t-1



Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

p(Xt, Zt) = p(xt, zt, Xt-1, Zt-1) [definition]

= p(xt, zt | Xt-1, Zt-1) p(Xt-1, Zt-1)     [conditional probability: p(A, B) = p(A | B) p(B) ]

= p(zt | xt, Xt-1, Zt-1) p(xt | Xt-1, Zt-1) p(Xt-1, Zt-1)    [conditional probability]



Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

We just saw:

p(Xt, Zt) = p(zt | xt, Xt-1, Zt-1) p(xt | Xt-1, Zt-1) p(Xt-1, Zt-1) 

We also have:

p(Xt, Zt) = p(Xt | Zt) p(Zt)

so 

p(Xt | Zt) p(Zt) = p(zt | xt, Xt-1, Zt-1) p(xt | Xt-1, Zt-1) p(Xt-1, Zt-1)



Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

p(Xt | Zt) p(Zt) = p(zt | xt, Xt-1, Zt-1) p(xt | Xt-1, Zt-1) p(Xt-1, Zt-1)

We also have:

p(Xt-1, Zt-1) = p(Xt-1 | Zt-1) p(Zt-1)

so 

p(Xt | Zt) p(Zt) = p(zt | xt, Xt-1, Zt-1) p(xt | Xt-1, Zt-1) p(Xt-1 | Zt-1) p(Zt-1)



Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

p(Xt | Zt) p(Zt) = p(zt | xt, Xt-1, Zt-1) p(xt | Xt-1, Zt-1) p(Xt-1 | Zt-1) p(Zt-1)

p(Zt) is constant with respect to xt, so

p(Xt | Zt) ~ p(zt | xt, Xt-1, Zt-1) p(xt | Xt-1, Zt-1) p(Xt-1 | Zt-1)



Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

p(Xt | Zt) ~ p(zt | xt, Xt-1, Zt-1) p(xt | Xt-1, Zt-1) p(Xt-1 | Zt-1)

We want to get to:
<latexit sha1_base64="V0GA2rrnJFReUdzS6zChlV4vrJI="></latexit>

p(xt | Zt) s p(zt | xt)

Z
xt−1

p(xt | xt−1)p(xt−1 | Zt−1)



Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

p(Xt | Zt) ~ p(zt | xt, Xt-1, Zt-1) p(xt | Xt-1, Zt-1) p(Xt-1 | Zt-1)

We assume the observations z0, z1, ..., zt are independent both 

(1) mutually and (2) with respect to the dynamical process:

p(zt | xt, Xt-1, Zt-1) = p(zt | xt)

We now have:

p(Xt | Zt) ~ p(zt | xt) p(xt | Xt-1, Zt-1) p(Xt-1 | Zt-1)



Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

p(Xt | Zt) ~ p(zt | xt) p(xt | Xt-1, Zt-1) p(Xt-1 | Zt-1)

We want to get to:
<latexit sha1_base64="V0GA2rrnJFReUdzS6zChlV4vrJI="></latexit>

p(xt | Zt) s p(zt | xt)

Z
xt−1

p(xt | xt−1)p(xt−1 | Zt−1)



Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

p(Xt | Zt) ~ p(zt | xt) p(xt | Xt-1, Zt-1) p(Xt-1 | Zt-1)

We can make xt-1 appear:

p(Xt | Zt) ~ p(zt | xt) p(xt | xt-1,Xt-2, Zt-1) p(Xt-1 | Zt-1)

We assume the states form a Markov chain: p(xt | xt-1,Xt-2, Zt-1) = p(xt | xt-1)

So:

p(Xt | Zt) ~ p(zt | xt) p(xt | xt-1) p(Xt-1 | Zt-1)



Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

We had:

p(Xt | Zt) ~ p(zt | xt) p(xt | xt-1) p(Xt-1 | Zt-1)

Making Xt-2 appear:

p(xt , xt-1 ,Xt-2 | Zt) ~ p(zt | xt) p(xt | xt-1) p(xt-1 , Xt-2 | Zt-1)

Integrating over Xt-2:

p(xt , xt-1 | Zt) ~ p(zt | xt) p(xt | xt-1) p(xt-1 | Zt-1)

∫Bp(A , B) = p(A)



Tracking over Time
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xt : State at time t

Xt= xt , xt-1 , ... x0: States from time 0 to time t

zt : Observations performed at time t. 

Zt= zt , zt-1 , ... z0 : Observations up to time t

p(xt , xt-1 | Zt) ~ p(zt | xt) p(xt | xt-1) p(xt-1 | Zt-1)

Integrating over xt-1 :
<latexit sha1_base64="V0GA2rrnJFReUdzS6zChlV4vrJI="></latexit>

p(xt | Zt) s p(zt | xt)

Z
xt−1

p(xt | xt−1)p(xt−1 | Zt−1)



Kalman Filter

<latexit sha1_base64="mrwgOGYkfREgToWoaKV4K6hMNG8="></latexit>

p(xt | Zt) = N(xt;µt,⌃t)



Time update or Prediction

The states xt are assumed to evolve according to a dynamics model of the form:

xt = A xt-1 + wt

where:

• matrix A is a state transition matrix;

• vector wt is the process noise.



State transition matrix A

Example:

If we assume the motion model is a constant velocity model, with no rotation:
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The measurement update or Correction

Linear case:

The measurements zt are assumed to be related to the state xt by a linear measurement model:

zt = C xt + vt

where

the vector vt represents the measurement noise.
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This is not linear but it is always possible 
to linearize it.



Kalman filter
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p(xt | Zt) s p(zt | xt)

Z
xt−1

p(xt | xt−1)p(xt−1 | Zt−1)

Under the assumptions that:    zt = C xt + vt and     xt = A xt-1 + wt

If we know  p(xt-1 | Zt-1) = N(Tt-1; 𝜇t-1, Σt-1), can we compute p(xt | Zt)?



The Kalman filter

2. Measurement update or Correction

Time t-1

1. Time update or Prediction

à Uses a motion model Time t

<latexit sha1_base64="wH2o/f70wVPY0p6yvRFqeuSqFTE="></latexit>

⇢

µ
�

t
= Aµt�1

⌃
�

t
= A⌃t�1A

>
+ ⌃w

where Gt is the Kalman gain computed as:

<latexit sha1_base64="21aK44xmx5liDuSgjljXctRX2Bw="></latexit>

⇢
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−
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−
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Kalman filter
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Kalman filter 
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Particle Filter
<latexit sha1_base64="F4Swd9UAVJv8Lfw3bZ3CpcgLedQ="></latexit>

p(xt | Zt) ≡ {(µt,i, wt,i)}i
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Particle Filter



Particle filters

Time t-1



Particle filters

Time t-1

Time t

1. Time update:
deterministic motion 

model + process noise



Particle filters

Time t-1

Time t

1. Time update:

deterministic motion 
model + process noise



Particle filters

Time t



Particle filters

2. Measurement:

Weights are computed 
according to the likelihood:

Normalize the weights.

Time t
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Efficient resampling of particles
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