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Bayesian Theory for Computer Vision
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arg max p(x | z)
X

x. State [in our case, for example R, T]
z: observations [in our case, for example feature points m;]

p(x | z): probability density function of x given z
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probability density function

p(x): probability density function (pdf) of x
Intuitively:
* p(x) ~ how likely the random variable for x is close to x

* p(x;) > p(xo): the correct value is more likely to be x; than x,



porobability density function (2)

For a univariate random variable X:

p(x) = N(x;0,0.2)

Pr(a< X <b) = /bp(x)dx
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For a 2D random variable:

arg max p(x | z)




arg max p(x | z)

posterior

x: state [in our case, for example R, T]
z: observations [in our case, for example feature points m;]

p(x | z): probability density function of x given z

pix|z) = gpe P

likelihood prior



p(z|x) = p(z1,.,2n | X)

= Jlp(z; | x) if we assume
' the observations z;
are independent given x

[T N(mg;proj(M;; R, T), %) if we assume the noise
‘ on the observations
is Gaussian, with covariance X




m o]
m; my
}m{’
C

If we have no idea what the state can be:

p(x) = p

If we believe the camera center is close to Point (0,0,0):

p(x) = N(C(x); 0, 3x)

etc.
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arg max p(x | z)

argmax - o<p(z | x)p(x)

argmax | [ N (mj; proj(M;; R, T), %)
argmin —log | [ N(my; proj(M;; R, T), %)
argmin — > _log N(mg; proj(M;; R, T), )

arg min >~ |lm; — proj(M;; R, T)||?
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arg max p(x | z)

argmax p(z | x)p(x)

arg rfria%c H N(mu prOJ(M27 R) T)a Z) N(C(R7 T)7 07 ZX)

argmin — 3 log N(my; proj(M;; R, T), %) + log N(C(R, T); 0, %x)

. oo
arg min %:Hmz proj

(M;R, )| + A|C(R, T)|

Iog—likelihood regulari‘zation term
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If we assume the noise on the observations is Gaussian:

p(z; | x) = N(m;;proj(M;; R, T), )

If we consider that m; can be either an inlier with Gaussian noise or an
outlier, we can take:

p(z; | x) ~ N(my; proj(M; R, T),X) + i



Normal distribution Uniform distribution _
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% Least-squares Tukey estimator
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Tracking over Time

6
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Tracking over Time

X, . State attime ¢

X; =X, Xi.1, ... Xo: States from time 0 to time ¢
z, . Observations performed at time ¢.
2,=12,,12,,,..12y: Observations up to time ¢

How can we estimate the density p(x; | Z,) ?
/e What is the density on the object state at time ¢ given the images captured up to time ¢?
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X, : State at time ¢

X; =X, X1, ... Xo: States from time 0 to time ¢
z, . Observations performed at time ¢.
7,=12,,12,,,..12y: Observations up to time ¢

How can we estimate the density p(x; | Z,)?
/e What is the density on the object state at time ¢ given the images captured up to time ¢?

We will see that:

p(Xt \ Zt) ~ p(Zt \ Xt)/ p(Xt ’ Xt—l)p(xt—l ’ Zt—l)

7—J t—1 ~ 7= ~ -
likelihood / Motion model f
Observation model Density estimated at time t-1
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X, ;. State at time ¢

X; =X, X1, ... Xo: States from time 0 to time ¢
z, . Observations performed at time ¢.
7,=12,,12,,,..17y: Observations up to time ¢
X, Zy) = p(X4, 24, Xp1, Zyy) - [definition]

= p(Xs, 2 | Xp1, Zyy) p(Xe1, Zey)  [conditional probability: p(A, B) = p(A | B) p(B) ]

= p(z; | Xt Xt1, Ze) p(X¢ | Xt1, Zey) p(Xi1, Zyy) - [conditional probability]

AWA e
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X, ;. State at time ¢
X; =X, X1, ... Xo: States from time 0 to time ¢

z, . Observations performed at time ¢.
7,=12,,12,,,..17y: Observations up to time ¢

We just saw:
P(Xy, Zy) = p(zy | X4, Xo1, Zy 1) p(X4 | Xy, Zgy) p(Xp1, Zy )

We also have:

P(Xy, Zy) = p(Xy | Zy) p(Zy)

SO

P(X¢ | Zy) p(Zy) = p(zy | Xp, X1, Zy1) p(Xy | X1, Zigy) p(Xi1, 2y )

AV
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X, ;. State at time ¢

X; =X, X1, ... Xo: States from time 0 to time ¢
z, . Observations performed at time ¢.
7,=12,,12,,,..17y: Observations up to time ¢

Xy | Zy) p(Zy) = p(zs | X4, Xy, Ly 1) p(Xy | Xiy, Zisy) p(Xiy, Ly )

We also have:

PXe1, Ziy) = p(Xey | Ziy) p(Zyy)

SO

P(X¢ | Zy) p(Zy) = p(24 | X4, X1, 1) p(Xt | X1, Zisy) P(Xy | Zy1) p(Zsr)

AR
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X, ;. State at time ¢
X; =X, X1, ... Xo: States from time 0 to time ¢

z, . Observations performed at time ¢.
7,=12,,12,,,..17y: Observations up to time ¢
P(X¢ | Zy) p(Zy) = p(2 | X4 X1 L) PRy | X1, L) (Xt | Zigr) P(Zyy)

p(Z,) is constant with respect to x,, SO

PXe | Zy) ~ p(zy | X4, Xy, Zyy) p(X¢ | Xp1, Zey) p(Xey | Zyy)

S
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Tracking over Time

X, . State attime ¢

X; =X, Xi.1, ... Xo: States from time 0 to time ¢
z, . Observations performed at time ¢.
7,=12,,12,,,..17y: Observations up to time ¢

PXy | Zy) ~ p(z, | X, Xop, Zyy) (X | X1, Zyy) pP(Xiy | Zyy)
We want to get to:

p(xt | Ze) ~ plar | x,) / p(xe | Xe—1)p(e—1 | Zees)

Xt—1
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X, ;. State at time ¢
X; =X, X1, ... Xo: States from time 0 to time ¢

z, . Observations performed at time ¢.
7,=12,,12,,,..17y: Observations up to time ¢

PXy | Zy) ~ p(z, | X4, Xy, Zoy) p(X¢ | Xy, Zy ) p(Xiy | Zyy)

We assume the observations z,, z;, ..., z, are independent both
(1) mutually and (2) with respect to the dynamical process:
Pz | X4, Xpo1, Ly 1) = p(2; ] X,)

We now have:

PX¢ | Zy) ~ p(z; | X)) p(X¢ | Xio1, Zi1) Py | Zigy)

AWA e
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Tracking over Time

X, . State attime ¢

X; =X, Xi.1, ... Xo: States from time 0 to time ¢
z, . Observations performed at time ¢.
7,=12,,12,,,..17y: Observations up to time ¢

PX; | Zy) ~ p(z, | x;) p(x; | Xo1, Zyy) pXiy | Zyy)
We want to get to:

p(xt | Ze) ~ plar | x,) / p(xe | Xe—1)p(e—1 | Zees)

Xt—1
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X, . State attime ¢

X; =X, X1, ... Xo: States from time 0 to time ¢
z; . Observations performed at time ¢.
7,=12,,12,,..17y: Observations up to time ¢

PX; | Zy) ~ p(z, | x;) p(x; | Xo1, Zyy) pXiy | Zyy)

We can make x,_; appear:
PX¢ | Zy) ~ p(z; | Xp) p(Xy | Xp.1, Xpo25 L) P(Xie | Zioy)

We assume the states form a Markov chain: p(x; | X¢.1, X¢.2, Zi.1) = p(X¢ | X.1)
So:

p(Xt | Zy) ~ p(z, | x;) p(X¢ | X)) pP(Xeoy | Zyp)
NN
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X, . State at time ¢

X; =X, X1, ... Xo: States from time 0O to time ¢
z, . Observations performed at time +.
7,=12,,12,,,..1y: Observations up to time ¢

We had:
PXi | Zy) ~ p(z, | x;) p(x; | X)) p(Xiy | Zyy)

Making X, appear:
P(X¢, Xpq, Xyn | Zy) ~ p(zy | Xp) p(X | Xy 1) p(Xy g ,Xt-z | Zy.1)

Integrating over X;.,:

' P(Xe, X1 | Zy) ~ p(zy | Xp) (X | X)) p(Xioy | Zigy)

ANAN

j p(A, B)=p(A)
B
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Tracking over Time

X, . State attime ¢

X; =X, Xi.1, ... Xo: States from time 0 to time ¢
z, . Observations performed at time ¢.
7,=12,,12,,,..17y: Observations up to time ¢

P(Xy, Xpy | Zy) ~ p(z, | X)) p(Xy | Xp1) p(Xpy | Zycy)

Integrating over x,_; :

p(x¢ | Zg) ~ p(z¢ | Xt)/ p(x¢ | Xe—1)p(Xe—1 | Zp—1)

Xt—1
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p(xt | Zi) = N (x5 pir, 2t)




Time update or Prediction

The states x, are assumed to evolve according to a dynamics model of the form:
X, =AX T w
where:
e maitrix A is a state transition matrix;
e vector w, is the process noise.



State transition matrix A

Example:
If we assume the motion model is a constant velocity model, with no rotation:

«=li] Al

T |T I |T,
[Ttﬂ] B [0 I] [TJ T
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Linear case:
The measurements z, are assumed to be related to the state x, by a linear measurement model:

z,=Cx, +v,
where
the vector v, represents the measurement noise.

M,
This is not linear but it is always possible

l\? / M}) M, to linearize it.




AWA e

p(x: | Ze) ~ p(ze | x0) / p(%s | Xe—1)p(Xe—1 | Zoo1)

Xt—1

Under the assumptionsthat: z =Cx;,+v, and x,=AXx. tw,

It we know p(x¢.1 | Zs.1) = N(Twi; ts.1, Z.1), CaN we compute p(x; | Zy)”?
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1. Time update or Prediction
- Uses a motion model

pe = Appq
Yo =AY AT + X,

Time t-1

Time ¢t

2. Measurement update or Correction

Et — Et_ - GtCZt_
where G; is the Kalman gain computed as:

G, =Y Cc'(Cz,;C+x,)!

{ pe = py + Gi(ze — Cpy)



&7 Discrete Kalman 2D Filter Demo — |12 -

Stop / Resume 105+
Process noise
0.1 = |
61
\
|
Measurement noise 39+
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(Xt | Ze) = { (1,6, wei) }i




Particle Filter
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Particle filters



Time ¢

® ‘—'/ 1. Time update:

deterministic motion
Time -1 model + process noise




Time t-1

1. Time update:
deterministic motion
model + process noise




Particle filters

Time t



2. Measurement:
Weights are computed
according to the likelihood:

Normalize the weights.
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Time ¢
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